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1. Introduction

The low energy limit of M-theory, that is eleven-dimensional supergravity, forms arguably
the most natural starting point from which we hope to recover observable physics from a
fully consistent theory. The first issue to address is of course the fact that we observe four
dimensions and the most phenomenologically successful approach so far has been to single
out one of the space dimensions as independent of the other nine. Compactifying on this
dimension then leads to type ITA string theory [fﬂ] which can then be compactified to
four dimensions on a six-dimensional Calabi-Yau. The dimension may also be taken to be
an interval, and then compactifying on a Calabi-Yau leads to a Brane-world scenario []. If
we do not require the existence of such a special trivially fibred direction we should consider
compactifying on seven dimensional manifolds. The possible contenders for such manifolds
are required by supersymmetry to have special holonomy and until recently the main body
of work has concentrated on manifolds with Gs-holonomy that lead to Minkowski space in
four dimensions and preserve N’ = 1 supersymmetry [f]. These compactifications lead to
massless scalar fields in four dimensions that are known as moduli and an important first
phenomenological step is to lift these flat directions. In string theory flux compactifica-
tions have proved very successful in achieving this (for a review see [fj]) and in M-theory
there has been some success in the case of Go-manifolds [[j—f]. A feature of flux com-
pactifications is that flux on the internal manifold will back-react on the geometry and in
general induce torsion and warping on the manifold deforming its special holonomy to the
more general property of a G structure [0, [(1]. To take this back-reaction into account
we should therefore consider compactifications on manifolds with a particular G structure.
Compactifications that derive the four dimensional theory have been done for the case of
manifolds with Gy structure [0, [J-[4]. Eleven dimensional solutions that explore the
structure of the vacuum have been studied for the cases of SU(2), SU(3) and G structure
in [[3-RJ. An interesting point to come out of these studies is that compactifications on
manifolds with SU(3) structure have a much richer vacuum spectrum than manifolds with
G+ structure. Indeed there are solutions that preserve only N' = 1 supersymmetry in the
vacuum putting them on an equal phenomenological grounding with G5 compactifications
in that respect. There are however many phenomenologically appealing features that are
not present in the Go compactifications such as warped anti-deSitter solutions and solutions
with non-vanishing internal flux.

In this paper we will study compactifications on manifolds with SU(3) structure. We
will see that because the SU(3) structure naturally picks out a vector on the internal
manifold these compactifications can be cast into a form that is similar to type ITA com-
pactifications on SU(3) structure manifolds [RJ. However unlike in (massless) type IIA,
we will show that, under certain assumptions regarding the expansion basis discussed in
section B.2.1], it is possible to find purely perturbative vacua with all the moduli stabilised
that preserve either N' = 2 or A = 1 supersymmetry [24-Rg]. Moreover, as also remarked
in [27], such compactifications offer the possibility to obtain charged scalar fields which
reside in the A/ = 2 vector multiplets rather than in the hypermultiplets as realised so far

in most cases (see for example [f]).



We will begin this paper with a discussion of the notion of G structures and the idea
of mass hierarchies between various G structures. In section P we will perform a reduction
of eleven-dimensional supergravity on a general manifold with SU(3) structure deriving
the kinetic terms for the four-dimensional scalar fields and the four-dimensional gravitini
mass matrix. The mass matrix will then be used to explore the amount of supersymmetry
preserved by various manifolds. We will begin by looking at vacua that preserve N = 2
supersymmetry in section [ We will first derive the most general A” = 2 solution and
use it as a check on the mass matrix. We will then show how this solution can be used
to find explicit vacua of an example manifold. In section [J we will move on to the more
phenomenologically interesting N' = 1 vacua and will show that some manifolds will induce
spontaneous partial supersymmetry breaking that will lead to an N’ = 1 effective theory.
We will derive this theory and go through an explicit example of moduli stabilisation. This
will also serve as an interesting example of a mass gap between G structures. Finally,
in the Appendices, we present our conventions and some technical details related to the
calculations we perform in the main text.

Note added: while this manuscript was prepared for publication another paper ap-
peared, [f7], which has some overlap with the issues discussed in this paper. Further to

this we were informed of work in progress which also relates to the discussed issues [bg.

2. ( structures

In this section we briefly discuss the notion of a G structure and the two particular cases
of G- and SU(3) structure in seven-dimensions. For a more thorough introduction to G
structures we refer the reader to [[L0], [L]. A manifold is said to have G structure if the
structure group of the frame bundle reduces to the group G. In practice this translates
into the existence of a set of G-invariant forms and spinors on such manifolds.

In general these forms are not covariantly constant with respect to the Levi-Civita
connection, which would imply that the holonomy group of the manifold is reduced to
G. The failure of the Levi-Civita connection to have reduced holonomy G is measured by
the intrinsic torsion. In turn, the intrinsic torsion, and in particular its decomposition in
G-representations, is used to classify such manifolds with G structure. In the following
we will give a couple of examples of G structures defined on seven-dimensional manifolds
which we will use in this paper.

2.1 (G5 structure in seven dimensions

A seven-dimensional manifold with G9 structure has a globally defined Ge-invariant, real
and nowhere-vanishing three-form ¢ which can be defined by a map to an explicit form
in an orthonormal basis [P§]. Alternatively, manifolds with Ga structure feature a glob-
ally defined, Gs-invariant, Majorana spinor €. Note that we shall work in a basis where
Majorana spinors are real. In terms of this spinor the Go form, ¢ is defined as

Pmnp = Z.GT'Ymnpea (2-1)

with the spinor normalisation €'e = 1.



Using the Gy structure form ¢ we can write

do=Wixp—p AWy + Ws,
4 (2.2)
d(*(p)z g*tp/\WQ+W4,

where W1,..., Wy are the four torsion classes. In terms of G representations Wi is a
singlet, W5 a vector, W3 a 27 while W, transforms under the adjoint representation, 14.
For further reference we note here that manifolds with only Wy # 0 are called weak-Go
manifolds and they are the most general solutions of the Freund-Rubin Ansatz [29, B(].

2.2 SU(3) structure in seven dimensions

Manifolds with SU(3) structure are more familiar in the context of six dimensions. In
particular, the most important representatives are the Calabi—Yau manifolds for which the
intrinsic torsion vanishes identically (ie, as explained before they have SU(3) holonomy).
One the other hand, seven-dimensional manifolds with SU(3) structure were less studied
partly due to the fact that for the case of no torsion where the holonomy group of the
manifold is SU(3) the seven-dimensional manifold is just a direct product of a Calabi-
Yau manifold and a circle. Therefore studying M-theory on such manifolds is equivalent
to studying type ITA string theory on a Calabi-Yau. Once some torsion classes are non-
vanishing a non-trivial fibration is generated thereby making such studies different to type
IIA compactifications.

An SU(3) structure on a seven dimensional manifold implies the existence of two
globally defined, nowhere-vanishing Majorana spinors €; and e which are independent in
that they satisfy el e; = 0. In the following we will find it more convenient to use two

complex spinors £+
1

fr=—
V2
Similar to the case presented in the previous subsection, we construct the SU(3) invariant

forms Q, J, V

(¢' £ie?). (2.3)

anp = _51’7mnp£fa
Jmn = i€ Y€y = —i€ Y (2.4)
Vin = —El yméy = € e

Note that in comparison to six-dimensional SU(3) structures, in seven dimensions there
also exists a globally defined vector field V. It is important to bear in mind that in general
this vector is not a Killing direction and thus the manifold does not have the form of a
direct product.

One can now show that €, J and V are all the possible independent combinations
which one can construct and any other non-vanishing quantities can be expressed in terms
of them. For example we have

{Lr)/mnngr = anp,



517mnp§+ = gT_'Ymnpgf = ’L(J A V)mnp . (25)

Furthermore, one can also show that the forms defined in (R.4) satisfy the seven-
dimensional SU(3) structure relations

J/\J/\Jzﬁﬁ/\ﬂ,
4 (2.6)

QNI =ViJ=V.Q=0,

where the contraction symbol J is defined in equation (A.4). Finally one can prove the
following useful relations

Viv =1,
JUJ = =M+ V™V,
JmiQiinp = FQ5mnp » (2.7)

K0F = 20T AV,
1
*(JAV)==JNAJ,
2

where we have split the complex three-form €2 in to its real and imaginary parts
Q=07 +i0". (2.8)

Let us now see how to decompose the intrinsic torsion in SU(3) modules. As before
they are most easily defined from the differentials of the forms €2, J and V. Generically

we have [[q, PJ

dV = RJ—FWlJQ—I—WlJQ—i-Al + VAV, (2.9)
21 ~ 1 _ _
dJZé(Clﬂ—c]Q)—i-J/\VQ—FSl—FV/\ g(CQ—F@)J—i—WzJQ—l—WzJQ—i—AQ ,(2.10)

dQ=cJNT+ I AT +QAV3+V AcaQ —2J AWa + 5o, (2.11)

where the representatives of the 15 torsion classes are denoted by R, c12, V123, W12, A12,
T and S12. It is easy to read off the interpretation of the above torsion classes in terms
of the SU(3) structure group. There are three singlet classes R (real) and ¢ 2 (complex),
five vectors Vj 2.3 (real) and W 5 (complex), three 2-forms A; o (real) and 7' (complex) and
two 3-forms Sy o.

Before concluding this section we should make more precise the relation between the
SU(3) and G2 structures on a seven dimensional manifold. Obviously, as SU(3) C G, an
SU(3) structure automatically defines a Go structure on the manifold. In fact, an SU(3)
structure on a seven-dimensional manifold implies the existence of two independent G
structures whose intersection is precisely the SU(3) structure. Concretely, using the spinor
€1 and ey defined above we can construct the two G5 forms cpi

(SDJr)mnp = 20€1Ymnp€1 (2 12)

((p_)mnp = 2i€2Ymnp€2 -



The relation to the SU(3) structure is now given by
et =407 —JAV. (2.13)

Throughout this paper it will sometimes be useful to use the SU(3) forms and sometimes
the G2 forms but we should keep in mind that the two formulations are equivalent.

2.3 Mass hierarchies

When the torsion on the internal manifold and the fluxes vanish, the holonomy group
directly determines the amount of supersymmetry preserved in the vacuum. This is not
the case with non-trivial G structures and/or fluxes where the amount of supersymmetry in
the vacuum is not uniquely determined by the structure/holonomy group of the manifold.
It should nevertheless be kept in mind that the amount of supersymmetry of the effective
action is not unrelated to the structure group. In particular, the existence of globally
defined spinors on the internal manifold allows us to define four-dimensional supercharges
and therefore constitute a sufficient condition for supersymmetry of the effective action.
Even though in general the situation can be more complicated we will assume that such
supercharges, which are related to the globally defined spinors, are the only ones which
survive in four dimensions and so the amount of supersymmetry of the effective action is
given directly in terms of the structure group of the internal manifold.! Consequently, we
will consider that M-theory compactifications on seven-dimensional manifolds with SU(3)
structure lead to an N = 2 supergravity theory in four dimensions? while the vacuum may
preserve N’ = 2 or N’ = 1 supersymmetry or even break it completely depending on which
torsion classes (and fluxes) are turned on. This may be understood from the fact that
when there are more than one internal spinors on the manifold they may satisfy different
differential relations according to what torsion classes are present and so may correspond to
different eigenvalues of the Dirac operator. Consider decomposing the eleven-dimensional
gravitino in terms of the globally defined spinors on the internal manifold. Than the
four-dimensional gravitini may have varying masses and there will appear mass hierarchies
throughout the four-dimensional low-energy field spectrum. If the mass scales are well
separated we can consider that only the lowest mass states are excited and so it is clear
that in such a vacuum only a fraction of the original amount of supersymmetry is preserved.
We will present such an example in section p.4.4 where it will become clear that one of
the two gravitini will become massive in the vacuum and thus supersymmetry will be
spontaneously broken from N =2 to N = 1.

"We thank Nikolaos Prezas for pointing this out. For a recent discussion of this we refer the reader
to [@]

2Strictly speaking, as manifolds with G2 structure are known to have in fact SU(2) structure @], the
effective action in four dimensions would be that of an A" = 4 supergravity. However, as SU(2) structures in
seven-dimensions are much less tractable than SU(3) ones, we shall consider that the additional spinors lead
to massive particles and we shall ignore them right from the beginning. In fact we shall see in sections E
and E that for some seven-dimensional coset manifolds the SU(2) structure is not compatible with the
symmetries of the coset. As the lower mass states are associated with modes on the coset which obey the
coset symmetries it is clear that such cases create a hierarchy between the four globally defined spinors
effectively leading to a manifold with less globally defined spinors.



3. The reduction

The theory we will be considering is the low energy limit of M-theory that is eleven-
dimensional supergravity. The bosonic action of the theory as well as the relevant gravitino
terms are given by [BJ]

1 14 1o - - 11 - -
511 = Ii_%l \/—gndHX |:§'R,11 — §\I/MPMNPDN\IJP - ZIFMNPQFMNPQ (3'1)
11 - N
+§—(12)4 LMNPQRSTUVW By b Fo rsr Crrv
-~ 4(12)2 (U TMNPRRES g\ 4 120 PTORGS) Fpg pg

The field spectrum of the theory contains the eleven-dimensional graviton gy, the three-
form C’MNP and the gravitino, U p. The indices run over eleven dimensions M, N,.. =
0,1,...,10. For gamma matrix and epsilon tensor conventions see the Appendix. k11
denotes the eleven-dimensional Planck constant which we shall set to unity henceforth
thereby fixing our units.

In this section we will consider this theory on a space which is a direct product My, =
My x K7 with the metric Ansatz

dsty = g (x)datdz” + gmn(z, y)dy™dy", (3.2)

where x denotes co-ordinates in four-dimensions and y are the co-ordinates on the internal
compact manifold. The first thing to note is that this Ansatz is not the most general Ansatz
possible for a metric as we have not included as possible dependence of the four-dimensional
metric on the internal co-ordinates that is usually referred to as a warp factor. There are
many compactifications that can consistently neglect such a warp factor because either a
warp factor is not induced by the flux or it can be perturbatively ignored if the internal
volume is large enough. Including such a warp factor is a difficult proposition for an action
compactification because it can, and generally will, be a function of the four-dimensional
moduli 3. For now we will proceed with an unwarped Ansatz bearing in mind that this is
only consistent for certain compactifications.

The four-dimensional effective theory will be an N' = 2 gauged supergravity. These
type of theories have been studied extensively in the literature, see [B4-Bd] and references
within, and this work will be useful as a guide for the compactification. In the upcoming
sections we will derive most of the quantities necessary to specify this theory. The kinetic
terms for the low energy fields will be derived from the Ricci scalar and the kinetic term for
the three-form. The prepotentials can then be derived from the four-dimensional gravitini
mass matrix.

3This is not a problem when looking for solutions as they only probe the vacuum and are insensitive to
moduli dynamics.



3.1 The Ricci scalar

As is well known, the metric on the compactification manifold is not rigid and its fluctua-
tions can be written in terms of scalar fields in the effective low-energy theory. Important
constraints on the spectrum and kinetic terms for these scalar fields come from the fact
that they should form a four-dimensional A/ = 2 supergravity. Compactifications of type
II supergravities from ten to four dimensions on Calabi-Yaus naturally lead to such a su-
pergravity. In this section we will show that it is possible to keep an analogy with these
compactifications for the case of M-theory on SU(3) structure manifolds that we are con-
sidering. A similar approach was adopted in 23] and we will closely follow their results.

3.1.1 The induced metric variations

Having SU(3) structure on a manifold is a stronger condition than having a metric. Infact
the SU(3) structure induces a metric on the manifold that we can write in terms of the
invariant forms as

_1
Gab = ‘S‘ 9Sab
1|1

_ _ 1 R
ab = 76 | 7 (Qamn Qg + QamnQpg) + FVaViTmnJpg | JrsVie €707

This expression for the metric can be checked by performing the contractions on the right-

(3.3)

hand-side using the appropriate SU(3) structure identities. Clearly, as the metric is deter-
mined uniquely in terms of the structure forms, all the metric fluctuations can be treated
as fluctuations of the structure forms. The converse however is not true as it is possible
that different structure forms give rise to the same or equivalent metrics. Therefore, when
expressing the metric variations in terms of changes in the structure forms one has to take
care not to include the spurious variations as well.

Varying the formula above we can write the metric deformations as

1 _ 1 _
0Gab = géQ(aanb)mn + gQ(amn(SQb)mn + 2V(a<5Vb) + VoV (J_I(SJ) + J(am(SJb)m
1/1 ~ 1 —
—|-VmV(aJ"b)6Jmn -3 <Z5Q_|Q + 19_159 + J_:(SJ> Jab - (3.4)

Note that this is very similar to normal Calabi—Yau compactifications where the metric
variations were expressed in terms of Kéhler class and complex structure deformations.
Keeping the terminology we will refer to the scalar fields associated with §J and {2 as
Kéahler moduli and complex structure moduli respectively. Furthermore we will denote the
scalar associated to §V as the dilaton in complete analogy to the type ITA compactifications.

Before starting the derivation of the kinetic terms associated to the metric deformations
discussed above we mention that the metric variations can be dealt with more easily in
terms of the variations of either of the two G structures which can be defined on seven-
dimensional manifolds with SU(3) structure (B.13)

1 mn 1
0ab = 5P Whymm — 3 (7 2007) Gab- (3.5)

Therefore, for each of the Go structures the formula coincides with the metric variations
on a manifold with Gy structure [LJ].



3.1.2 The Ricci scalar reduction

Let us now see explicitely how to derive the kinetic terms for the moduli fields described
above. As they are metric moduli, their kinetic terms should appear from the compact-
ification of the eleven-dimensional Ricci scalar. The explicit calculation is presented in
Appendix B and here we will only outline the main steps before stating the final result.
We should also mention that during this process we are mainly interested in the fate of
the scalar fields which appear as fluctuations of the metric on the internal manifold and
therefore we shall not discuss the vector field (graviphoton), which also arises from the
metric, as we expect that its kinetic term is the standard one.

For now we do not decompose €2 and J into their four-dimensional scalar components
but with the vector V' we write

V(z,y) = eé(gﬁ)z(y), (3.6)

where z is the single vector we have on the internal manifold from the SU(3) structure
requirements. Note that it is still V and not z that features in the SU(3) relations (2.4).
The difference between V' and z can be understood as V' is the SU(3) vector which also
encodes the possible deformations of the manifold, while z is only a basis vector in which we
expand V. Therefore, the factor e® encodes information about the deformations associated
to the vector V. This is completely analogous to the compactification of eleven-dimensional
supergravity on a circle to type IIA theory and in order to continue this analogy we shall
call the modulus in equation (B.6) the dilaton. Let us further define a quantity which in the
case where the compactification manifold becomes a direct product of a six-dimensional
manifold (with SU(3) structure) and a circle, plays the role of the volume of the six-
dimensional space

VG = €_¢V7 (37)

where V is the volume of the full seven-dimensional space

VE/\/g_:é/J/\J/\J/\V. (3.9)

To see the use of this quantity, note that due to the first relation in (2.4), a scaling of the
three-form €2 automatically induces a change in the volume. Thus, scalings of €2 would
have the same effect as appropriate scalings of J and in order not to count the same degree

of freedom twice we shall define

NI

1K 1 _
sKeses = —_ (V)73 3.9
‘ 20%) (3.9

where we have also introduced the Kéhler potential for the complex structure deformations,

K., extending the results of 23, i0, []
Koy = —In ([|Q%]|[Ve) = —Ini < Q%[0 >= /Q AOS A 2. (3.10)

It is easy to check that rescalings of €2 precisely cancel the corresponding variation of Vg on
the RHS of equation (B.9) and hence Q¢ defined on the LHS stays unchanged. In this way
we have managed to decouple the volume modulus from the form . The relation (B.9)



deserves one more explanation. The additional factor on the LHS, exp %K s has been intro-
duced in order to describe by 2°° the exact analogue of the Calabi—Yau holomorphic 3-form
whose norm precisely gives the Kahler potential of the complex structure deformations.

One more comment is in order here. As explained before, not all the variations of
the structure forms induce valid metric deformations. In particular the definition of the
3-form Q (B.4) allows for an arbitrary phase which would subsequently drop out from the
metric variations (B.4). In order to make sure that such variations are not introduced as
degree of freedom we should “gauge” these phase transformation for 2. Given the Kéhler
potential (B.10) and the definition (B.9) it is not hard to see that Kihler transformations,
which correspond to scalings of 2°° by some function which is holomorphic in the complex
structure moduli, precisely correspond to phase variations of €2. Therefore, the covariant
derivative for the “gauged” phase transformations of ) should precisely be the Kéhler
covariant derivative

1
DMQ = auQ + §8MKCSQ =V 8V66%Kcs (8MQCS + aMKCSQCS) = SVGG%KCSDMQCS . (311)

Finally we note that we have to take into account the usual Weyl rescalings in order
to arrive to the four-dimensional Einstein frame

-1
G =V G
- - (3.12)

,2(&
9mn — € 3" Gmn -

Following the above steps one can derive the (linearised) variation of the Ricci scalar
under the metric fluctuation (B.4). The calculation is presented in the appendix and here
we recall the final result

1 1 1
/\/—gndllX 57311 = /\/—9461456[5734 — 0,00"p + §€2¢V_1/\/ER7

1 _
_ gefq&eKcs / \/a d7y DMQCSJD;LQCS

1.
— Ve ¢/\/g7d7y 6MJJ8“J] , (3.13)
where we have also defined the four-dimensional dilaton
~ 1
¢=¢—5nV. (3.14)

The important thing to notice on this result is that the metric fluctuations have naturally
split into the dilaton, the J and 2¢° variations with separate kinetic terms. Moreover, due
to the dependence of /g7 on the dilaton, it can be seen that the all the dilaton factors
drop out from the kinetic terms of the Kéhler and complex structure moduli. Therefore,
this result is very much like the one for usual type IIA compactifications on Calabi—Yau
manifolds with the notable difference that a potential for the moduli appears due to the
fact that manifolds with SU(3) structure are in general no longer Ricci flat.

,10,



3.2 Four-dimensional field content and kinetic terms

In this section we will complete the kinetic terms for the low energy scalar field spectrum
by reducing the three-form field Cs. These scalar fields pair up with the geometrical moduli
into A = 2 multiplets. We will however ignore the presence of additional fields, like gauge
fields, which are expected to have similar kinetic terms to the gauge fields coming from

type ITA compactifications.

3.2.1 Reduction of the three-form

As we have seen in the previous subsection, the compactification of the gravitational sector
of M-theory on seven-dimensional manifolds with SU(3) structure resembles very much the
corresponding compactifications of type IIA theory on Calabi—Yau manifolds. Therefore
we will find it useful to continue this analogy at the level of the matter fields and so
we will first decompose the 3-form Cs along the vector direction which is featured in the
seven-dimensional manifolds with SU(3) structure under consideration. Consequently we
write

03 =C3+ By A z, (3.15)

where ('3 is assumed to have no component along z, ie C3uz = 0. As expected, in the type
ITA picture C3 will correspond to the RR 3-form, while By represents the NS-NS 2-form
field. Then compactifying the eleven-dimensional kinetic term, taking care to perform the
appropriate Weyl rescalings (B.13), we arrive at

1.~ -
/\/—gudllX [—ZFJF] (3.16)
1 5 1 7
= /\/—g4d4x [—Ze%e¢/1/g7d7y8l103_:8“03— ZV616¢/w/g7d7y8ﬂBg_n(9“Bg .

One immediately notices that the kinetic term for fluctuations of the Bs-field along the
internal manifold is the same as the kinetic term for the fluctuations of the fundamental
form J. Therefore we see that these fluctuations pair up into the complex field

T=DBy—il. (3.17)

In order to analyse the four-dimensional effective action we have to specify which are
the modes we want to preserve in a Kaluza-Klein truncation. In general one restricts to
the lowest mass modes, but in the case at hand this is a hard task partly due to the
big uncertainties regarding the spectrum of the Laplace operator on forms for arbitrary
manifolds with SU(3) structure. The best thing we can do is to use our knowledge from
other similar cases where the structure of four-dimensional theory was derived [3, [0,
A3-[4), as well as the close analogy to the type IIA compactifications and postulate the
existence of a set of forms in which to expand the fluctuations we have discussed so far.
For the moment these forms are quite arbitrary, but for specific cases it should be possible
to derive some of their most important properties. In fact we shall see such examples
in sections f] and f| where explicit examples of manifolds with SU(3) structure will be
discussed. Therefore we consider a set of two-forms, w;, with dual four-forms, & which

— 11 —



satisfy
/wiAwﬂ'Az:é{. (3.18)

Furthermore we introduce three-forms (a4, 34) which obey
/aAABBAz:(SE,

/aA/\aB/\z: /BA/\ﬁB/\ZZO.

Anticipating that we expand the structure variations in these forms we also consider them
to be compatible with the SU(3) structure relations (R.6) and (2.7)

(3.19)

A
wi A\ g = w; A =0,
' ' ﬁA (3.20)
Zow; = zaog = 2237 = 0.

These forms can in general depend on all seven internal coordinates and not be closed.
The index ranges are not necessarily topological but should correspond to the number of
generalised calibrated submanifolds in the internal manifold [0, I3 —[4].

Given the forms defined above we should expand all the fluctuations and interpret
the coefficients as the four-dimensional degrees of freedom. Consequently we write for the
metric variations A

J(2,y) = v'(x)wi(y) ,
(2, ) = ZA(@)aay) — Fa(Z(2)) 84 (),

where we have already used the fact that the deformations of 2 span a special-Kéhler

(3.21)

manifold and therefore can be written as above, where F4 is a holomorphic function of the
complex coordinates Z#, which is also homogeneous of degree one in Z4. From the four-
dimensional perspective v* are real scalar fields which we will refer to as Kihler moduli.
Z4 on the other hand are not all independent and we shall consider as the true degrees of
freedom the quantities 2% = Z%/Z° where the index a runs over the same values as the
index A, except for the value 0. For the matter fields we take

Bsy(w,y) = Ba(y) + Ba(x) + b (2)wily)

Q - | 4 o (3.22)
Ca(x,y) = Cs(y) + Cs(@) + A'(2) Awily) + 7 (2)aaly) — Ea(2)57(y) -

Note that in the above decomposition we have allowed for a background value for By and
C3 which we denoted By and Cj respectively. These values should be understood as giving
rise to the flux terms for the field strengths of By and C3 and therefore they should not
be globally well defined over the internal manifold. We will postpone their discussion until
the next section when we deal with background fluxes. Note that By can not be expanded
along the z direction as it already comes from a three-form with one leg along z, while Cs
was assumed not to have any component along z cf equation (B.15). The fields b?, €4 and €A
are scalar fields in four dimensions and they will be important for our following discussion.
Moreover, Bo(z) is a four-dimensional two-form which, in the absence of fluxes, can be
dualised into an axion b(x). Here however we will not perform this dualization as in the
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Guvs A0 gravitational multiplet

0, EO, 6, By | universal tensor-multiplet

b, vt At vector multiplets

€%, &y, 2" hypermultiplets

Table 1: Table showing the A/ = 2 multiplets.

examples we present in sections and .4 the B-field will be massive in four dimensions
and therefore we will keep it as a member of “the universal” tensor-multiplet. C3(z) is a
three-form which carries no degree of freedom in four dimensions and is dual only to some
constant, but its dualisation in four dimensions requires more care. As explained before,
we shall not deal with the vector fields A? here as their couplings are expected to be similar
to the type IIA compactifications. Also we shall neglect other vector degrees of freedom
which arise from the isometries of the internal manifold and leave their proper treatment
for another project.

We will also find it useful to introduce at this level one more notation. As we are
mostly interested in the scalar fields in the theory we will denote all the fluctuations of Cs
which give rise to scalar fields in four dimensions by ¢é3. Just from its definition we can
see that this is a three-form on the internal manifold. In terms of the expansions above it
takes the form

é3(w,y) = ' (2)(wi A 2)(y) + €N @)aaly) — Ea(@) B (y). (3.23)

Finally, as we expect that the low energy effective action is a N = 2 (gauged) super-
gravity, the light fields should assemble into N = 2 multiplets. This is briefly reviewed in
table [. As mentioned before, the internal parts of the two form B, and the fundamental
form J combine themselves into a complex field

T(z,y) = Ba(a,y) —id (x,y) = t'(x)wi(y) = ('(2) — v (2))wi(y) (3.24)

which will become the scalar components of the NV = 2 vector multiplets. The associated
Kahler potential is again similar to the one in type IIA theory

1
Kt:—lné/J/\J/\J/\z:—an(g. (3.25)

As we expect from the structure of N’ = 2 supergravity theories as well as from the analogy
to type IIA compactifications [,_ fq], the fields t' span a special Kihler geometry with a

cubic prepotential F = —% K”kt%”, where IC;j, are the analogue of the triple intersection
numbers

’Cijk = /wi ANwj Nwi A z. (3.26)
The symplectic sections are given by X! = (t°, %) and F; = 9;F with t° = 1. Indeed, one

can easily check, using the expansion (3.21]) that the Kéhler potential above derives from
the general V' = 2 formula K = —1ni(XI]:"1 — XI]:[).
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It is interesting to note that while in type IIA compactifications with fluxes only
charged hypermultiplets can appear, in the case of M-theory compactified on seven-dimen-
sional manifolds with SU(3) structure one can also obtain charged vector multiplets as also
remarked in 7. Indeed it is not hard to see that provided [ dw; (w;j A z) = k;; does not
vanish, the kinetic term for the three-form Cj in eleven dimensions generates a coupling of
the type k;;b’A7 in the low energy effective action which precisely uncovers the fact that
the scalars in the vector multiplets become charged.

3.3 Flux and gravitino mass matrix

So far we have only discussed the kinetic terms of the various fields which appear in the
low energy theory and we have seen that their structure is very much like in type ITA
compactifications. We will now turn to study the effect of the non-trivial structure group
and of turning on fluxes. The only background fluxes which can be turned on in M-theory
compactifications and which are compatible with four-dimensional Lorenz invariance can
be written as

F } = . 3.27
[ 4 Background f774 +¢ ( )
Here f is known as Freud-Rubin parameter where 74 is the four-dimensional volume form

and G is the four-form background flux which can locally be written as
G =dCs(y), (3.28)

where Cg(y) is the background part of the three-form field C3 which was defined in equation
(B:22). As observed in the literature [{, [, i), the Freund-Rubin flux is not the true
constant parameter describing this degree of freedom. Rather one has to consider the flux
of the dual seven-form field strength Fy

. A 1 - .
Fr =dCs + 503 ANFy, (329)

which should now be the true dual of the Freund-Rubin flux. As can be seen the F7 flux also
receives a contribution from the ordinary Fy flux. Therefore, in general, the Freund-Rubin
flux parameter is given by

1 1 1

where A is a constant which parameterizes the 7-form flux.

On top of these fluxes which can be turned on for the matter fields one has to consider
the torsion of the internal manifold with SU(3) structure which is also known as “metric
flux”. The effects of the torsion can be summarised as follows. We have already seen that
the compactification of the Ricci scalar contains a piece due to the non-vanishing scalar
curvature of the internal manifold. This is entirely due to the torsion as manifolds with
SU(3) holonomy are known to be Ricci flat. Moreover, a non-trivial torsion is associated
with non-vanishing exterior derivatives of the structure forms. If we insist that we expand
the fluctuations of these structure forms as in equation (B.21)) it is clear that the expansion
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forms cannot be closed. Therefore, the presence of torsion forces us to perform the field
expansions in forms which are no longer closed. Such forms will induce in the field strength
of the three-form Cj5 terms which are purely internal and which are — from this point of
view — indistinguishable from the normal fluxes and so the flux in (B.27) is modified to be
the full field strength expression

yFy = fna+ G + dés, (3.31)

where the derivative should be understood as the exterior derivative on the seven-dimen-
sional manifold. However such “induced” fluxes are not constant, but they depend on the
scalar fields which arise from Cs. It is also worth noting at this point that provided these
scalar fields are fixed at a non-vanishing value in the vacuum, these vacuum expectation
values will essentially look like fluxes for Fy in that specific vacuum. We will use this fact
later on when we discuss moduli stabilization.

As mentioned before, the effect of the fluxes and torsion is to “gauge” the N' = 2 super-
gravity theory and induce a potential for the scalar fields. These effects can be best studied
in the gravitino mass matrix to which we now turn. In an A/ = 1 supersymmetric theory,
the gravitino mass is given by the Kahler potential and superpotential, while in an N = 2
theory we have a mass matrix which is constructed out of the Killing prepotentials (electric
and magnetic) that encode information about the gaugings in the hyper-multiplet sector.
Moreover, the same gravitino mass matrix appears in the supersymmetry transformations
of the four-dimensional gravitini and therefore its value in the vacuum gives information
about the amount of supersymmetry which is preserved in that particular case. This can
also be understood from the fact that unbroken supersymmetry requires vanishing physical
masses® for the gravitino and so, non-zero eigenvalues of the gravitino mass matrix in the
vacuum imply partial or complete spontaneous supersymmetry breaking. In the case of
partial supersymmetry breaking of an AN/ = 2 theory, the superpotential and D-terms of
the resulting N' = 1 theory are completely determined by the A/ = 2 mass matrix.

In a compactification from a higher-dimensional theory there are several ways to de-
termine the gravitino mass matrix in the four-dimensional theory. If we have explicit
knowledge of the four-dimensional degrees of freedom we can derive the complete bosonic
action and from the potential and gaugings derive the N/ = 2 Killing prepotentials. Alter-
natively one can directly perform a computation in the fermionic sector and directly derive
the gravitino mass matrix or compactify the higher dimensional supersymmetry transfor-
mations. The advantage of the last two methods is that one obtains a generic formula for
the mass matrix in terms of integrals over the internal manifold without explicit knowledge
of the four-dimensional fields. Once these fields are identified in some expansion of the
higher-dimensional fields one can obtain an explicit formula for the mass matrix which
should also be identical to the one obtained from purely bosonic computations.

In the following we choose to determine the gravitino mass matrix by directly iden-
tifying all the possible contributions to the gravitino mass from eleven dimensions. For

4In AdS space, the mass parameter which appears in the Lagrangian is not the true mass of a particle.
Therefore we use the terminology physical mass in order to distinguish the true mass from the parameter
which appears in the Lagrangian.
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this we will first have to identify the four-dimensional gravitini. Recall from section P.2
that on a seven-dimensional manifold with SU (3) structure one can define two independent
(Majorana) spinors which we have denoted €; 2. Then, we consider the Ansatz

U, = s (V) ®e1 + 0] ®ea) (3.32)

where 112 are the four-dimensional gravitini which are Majorana spinors and the overall
normalisation factor is chosen in order to reach canonical kinetic terms in four-dimensions.
It is more customary to work with gravitini which are Weyl spinors in four dimensions and

therefore we decompose 12 above as

1
Y = 9 (Wj—u + wgu) ’ (3.33)
where o, 8 = 1,2 and the chiral components of four-dimensional gravitini satisfy
Vs, = g, (3.34)

Then compactifying the eleven-dimensional gravitino terms in (B.1]) and performing the

appropriate Weyl rescalings (B.19) we arrive at the four-dimensional action
Sy, = /M V=g [—&iuv“”prwip + Sagt YL, + c.c.] . (3.35)
4

The main steps in deriving the mass matrix are presented in appendix [(] and for similar
calculations we refer the reader to the existing literature [[3, B3, f7] where similar calcu-
lations were performed. Equation ([C.14), which is the final result for the gravitino mass

matrix S,g3, can be written as

. qu
€2
S = — {/ [dUT AUT +2G AU +2>\} :
V2 M7
-
ie2?
Soy = —— {/ [dU~ AU +2G AU +2>\} , (3.36)
V2 M7
o
ie2?
Sig = So1 = — / [2iG A QY +2ide AT —2dT ANQT A 2] .
8Vz2 J M7

Here G denotes the internal part of the background flux which was defined in equation
[B:29), A is the constant to which the three-form C3 is dual in four dimensions and we have
further introduced ) R

Ut =é3+ie %9t =é3+ie ®Q" —iJ Az, (3.37)

where é3 denotes the purely internal value of the three-form field C5 which which was
defined in equation (B.23).

The diagonal terms in the mass matrix correspond to the gravitino masses for separate
compactifications on the two G2 structures. This follows from associating each of the four-
dimensional gravitini with one of the two internal spinors in the G5 forms (R.13). We can
also read off the prepotentials, P* and ()* for the hypermultiplets and the Kéhler potential,

K, for the vector multiplets of the N' = 2 supergravity by comparing the mass matrix with
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the general expression for an A = 2 gauged supergravity [B7-BY]

ie%K
Sep = 5 ol (P5X* — Q" Fy4), (3.38)

where P§ and Q"4 are the electric respectively magnetic prepotentials which depend on the
hypermultiplets in the theory while (X4, F4) is a symplectic section which characterizes
the special Kéhler geometry of the vector multiplet scalars. Note that we have used the
general formula for the N' = 2 gauged supergravity mass matrix which appears when both
electric and magnetic gaugings are present. This is because we expect to have both type
of gaugings which is in general signaled by the presence of massive tensor multiplets in the
four-dimensional effective action. It is easy to infer that such massive tensors appear if one
takes into account that the one-form z, used in the expansion ([B.18), is not closed. Squaring
the field strength which comes from this expansion, By will pick up a mass proportional to
[ dz A xdz.

Finally we note that in a generic vacuum the off diagonal components of the mass
matrix are non-vanishing and therefore the gravitini as defined in equation (B.32) are not
mass eigenstates. The masses of the two gravitini are then given by the eigenvalues of
the mass matrix evaluated in the vacuum. If these masses are equal and the two gravitini
physically massless then supersymmetry is preserved in the vacuum. However this is not the
case in general and then one encounters partial (when one gravitino is physically massless)
or total spontaneous supersymmetry breaking. We shall come back to this issue in section .

4. Preserving N=2 supersymmetry

In this section we will consider the case where the internal manifold is one that will preserve
the full ' = 2 supersymmetry in the vacuum. We will begin by studying the constraints
such a solution should satisfy in section [.1], moving onto studying the form of the mass
matrix for this solution in section [L.1.1]. Finally in section [£.d we will go through an explicit
example of such a vacuum by considering the coset SO(5)/SO(3) A+ 5.

4.1 N=2 solution

In this section we will classify the most general manifolds with SU(3) structure that are
solutions to M-theory that preserve N = 2 supersymmetry with 4D spacetime being Ein-
stein and admitting two Killing spinors. In order to study such solutions in full generality

we allow for a warped product metric
dsty = AW g, (2)da’ da” + gpn (@, y)dy™ dy" (4.1)

but will eventually show that the warp factor, A(y), vanishes. This class of solutions has
also been recently discussed in [R3]. We look for solutions to the eleven-dimensional Killing
spinor equation

1 ~
Varn + 5oz [T 7" = 800 TP g = 0. (4.2)
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For the background field strength Fy ~NpQ above we will consider the most general Ansatz
compatible with four-dimensional Lorentz invariance. Therefore, the only non-vanishing
components of F are anpq and Flp0 = feupo-

Given that the internal manifold has SU(3) structure we know there exist at least two
globally defined Majorana spinors and so we take a killing spinor Ansatz

n="0i(z) ®e1(y) +62(z) ® e2(y) - (4.3)

Since we are looking for N = 2 solution we treat 6; and 0 as independent. This will
lead to more stringent constraints than the N' = 1 case, where they may be related, which
will make finding the most general solution straightforward. As we are looking for four-
dimensional maximally symmetric spaces, the Killing spinors 61 o satisfy

Vb = —%’Ai’m%@i + %Aéfmﬁi (no sum over i), (4.4)
where the index 7 = 1, 2 labels the two spinors. The integrability condition reads
Ry = =3 | (M) + (A)°] g = 1,2, (4.5)
and so one immediately sees that not all AZi,Q are independent, but have to satisfy
(AD? + (AD)® = (A2)% + (A2)* (4.6)

Now decomposing the Killing spinor equation into its external and internal parts we arrive
at the following equations

T _

Vel 2 = (Ee 4Af7m> €1,2, (4.7)
0= <’7mnpqrﬁnpqr - 87pqrﬁmpqr) €1,2, (48)

) 1 )
—Ai’z €12 = —eAwnﬁnA + —63Af €12, (4.9)

2 2 6

1A1’2 1 A_npgr ;
ol a2 = Toeee Fopgr ) €12 (4.10)

In order to classify this solution from the point of view of the SU(3) structure we have find
the corresponding non-vanishing torsion classes by computing the exterior derivatives of
the structure forms. Using their definition in terms of the spinors (R.4) and applying the
results above one finds

dV:%fJ,

dJ =0, (4.11)
dQ = —%fQ/\V,

dA = 0.
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The first thing to note is that the warp factor A is constant in this vacuum and therefore can
be set to zero by a constant rescaling of the metric. The second thing to observe, comparing
with equation (R.11)), is that only the singlet classes R and cy are non-vanishing. Moreover,
they are not independent, but proportional to each other as they can both be expressed in
terms of the Freund-Rubin parameter f.

From equations ([l.7) we can also determine the parameters Ali’z, which determine the
value of the cosmological constant, which are given by

Aoz d
R (4.12)
A =A3=0.

The Killing spinor equations ({.7) also give constraints on the internal flux that imply
it should vanish. However an easier way to see this is to consider the integral of the external
part of the eleven-dimensional Einstein equation which reads

A (., 1 [
— — | F, Pt — 4.1

We see that substituting ({.19) we indeed recover anpq = 0. Since f is a constant, this
means that the Bianchi Identity dF' = 0 is indeed satisfied and so follow all the equations
of motion.

Finally we note that in terms of the two Gy structures ¢®, equations (fL11) can be

recast into a simple form
2
do* = gf * T (4.14)

which shows that both G5 structures are in fact weak Gs.

4.1.1 The mass of the gravitini

We can now use this solution to illustrate the discussion on the relation between the
gravitini masses and supersymmetry and to check our form of the mass matrix. Inserting
the solution just derived into the mass matrix we should find that the masses of the two
gravitini degenerate and that they are both physically massless. Taking the solution (4.11))

from the previous section the mass matrix (B.3() reads

S12 =0,
RS (4.15)
2
S11 = Sa = Ufi’
3V2

which indeed shows that the masses of the two gravitini are the same. To show that the
two gravitini are physically massless we recall that in AdS space the physical mass of the
gravitino is given by

Mphys = m3/2 — l, (4.16)

where m3/; is the actual mass parameter which appears in the Lagrangian (in our case
|S11]), while [ is the AdS inverse radius and is defined as

R=—12I%, (4.17)

with R the corresponding Ricci scalar.
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In order to obtain the AdS radius correctly normalised we recall that the mass matrix
(B.15) was obtained in the Einstein frame which differs from the frame used in the previous
section by the Weyl rescaling (B.1J). Inserting this into (.§) we obtain the properly
normalised AdS inverse radius

-

fez
3V
Note that here, as well as in equation (f.17), the fields (]3 and V should be replaced with
their particular values which they have for this solution. Equation ([L1§), together with
(E-1H), shows that the physical mass of the gravitini, (fl.1G), vanishes confirming our expec-
tations that the vacuum determined in the previous section does indeed preserve N = 2

| =

(4.18)

S

supersymimetry.

4.2 The coset SO(5)/SO(3)a+B

In order to see the above considerations at work we will now go through an explicit example
of a manifold that satisfies the N = 2 solution discussed in the previous sections. The
manifold we will consider is the coset space SO(5)/SO(3)a+p. Cosets are particularly
useful as examples of structure manifolds because the spectrum of forms that respect the
coset symmetries is highly constrained. There are more details about cosets in general and
about this particular coset in the appendix, or, for further reference we refer the reader
to [Ag]. In this section we summarise the results and construct a basis of forms with which
we can perform the compactification.

We begin by finding the most general symmetric two-tensor that respects the coset
symmetries, this will be the metric on the coset and is given by

a000d00
0a000d0
00a000d
g=|ooo0b000 |, (4.19)
d000c00
0d000cO
00d000 ¢

where all the parameters are real. The parameters of the metric are the geometrical moduli
and we see that we have four real moduli on this coset. Note that there is a positivity
domain ac > d?. Having established the metric on the coset we can move on to find the
structure forms. The strategy here is to find the most general one, two and three forms
and then impose the SU(3) structure relations on them. It is at this stage that we really
see what the G structure of the coset is. This analysis is performed in the appendix and
we find that the structure forms are given by

V =e?z,
J=vw, (4.20)
Q = Gag + G + GB + B0,
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where the relations between the (s and the metric moduli are given in the appendix. The

basis forms satisfy the differential relations

dz = —w,

dw =0,

dag = 2z N aq,

g’ = —z A B (4.21)

da; =2z A 6 =32 Aoy,
dg' = =22 A a1 +32 A 60,

The structure forms ([£2() show that indeed the coset has exactly SU(3) structure. In
terms of the moduli classification we have been using it has a dilaton, one Kéhler modulus
and one complex structure modulus® thus making up the four degrees of freedom in the
metric. We also show in appendix [1.9 that scalar functions are in general not compatible
with coset symmetries and therefore we conclude that for such compactifications no warp
factor can appear.

4.2.1 Finding N = 2 minima

In this section we want to find out if the potential which arises from the compactification
on the coset above has a minimum where the geometric moduli are stabilised. In particular
we wish to look for minima that preserve N' = 2 supersymmetry and correspond to the
solution discussed in section [L.1. As usual, in a bosonic background, the condition for
supersymmetry is the vanishing of the supersymmetry variations of the fermions. This is
precisely what we used in the previous section and thus a supersymmetric solution should
satisfy all the conditions derived there, and in particular ([L1T). It is easy to see that the
forms ([.20) obey

dV = —ﬁJ )

v
dJ =0, (4.22)
dQ = z A [(—3C) ao + (3 — 2¢6) aa + (260 — ¢7) B + (3¢6) Y] -

Therefore these forms will in general not satisfy the solution constraints ([.11]). Requiring
them to match the solution gives a set of equations for the moduli that will exactly deter-
mine the value of the moduli in the vacuum. For the coset at hand these are easy to solve
and the solution is given by
1
6({) _ 63\/42)\% ,
14

2
63 1
7

A3 (4.23)

v = s

C3=—C6=—i§4=i(7=4%(i—1)m,

®As is expected form N = 2 supergravity the parameters 3,(4,(s and 7 describe only two real degrees
of freedom.
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where we have replaced the Freund-Rubin flux f by true flux parameter A from equation
(B-30). Note that this solution fixes all the geometric moduli which is an important result
for M-theory compactifications. It is important to stress however that ¢ are not the true
complex structure moduli, but are related to them by the rescaling (B.9). However, the
complex structure moduli defined in (B.21]), which can be most easily read off in special
coordinates, do not depend on the rescalings of {2 and therefore, in our case the value of

the single modulus is given by )
1:%2222' (4.24)

It can also be shown that the other scalar fields, which come from the expansion of the
3-form Cj, (B-29), in the forms ([.21) are also stabilised. A simple argument to support this
statement is that non-vanishing values of these scalars would lead to a non-zero internal Fy
flux at this vacuum solution due to the non-trivial derivative algebra the basis forms satisfy,
(E27)), which in turn is ruled out by the supersymmetry conditions found in section 1.
Hence, these scalar fields are forced by supersymmetry to stay at zero vacuum expectation
value and therefore are fixed.

It is also worth observing one more thing regarding this solution. If we think in terms
of the type IIA quantities we see that the Kéhler modulus v and the dilaton e® are not
independent and choosing to stay in the supergravity approximation on type ITA side,
ie take v > 1, drives the theory to the strong coupling regime which explains why such
solutions can not be seen in the perturbative type IIA approach.

Finally we note that as the solution above is supersymmetric, the four-dimensional
space-time is AdS with the AdS curvature which scales with A as

1
I~ — (4.25)

Ao
Thus, in the large volume limit (ie A > 1) the four-dimensional space-time approaches flat
space.

5. Preserving N = 1 supersymmetry

In this section we will analyse the case where we only preserve N/ = 1 supersymmetry in the
vacuum. We will show that this occurs due to spontaneous partial supersymmetry breaking,
much like in massive type ITA [BJ], and that it is possible to write an effective N' = 1 theory
about this vacuum. We will derive the Kéahler potential and superpotential for this theory
and go through an explicit example of a manifold that leads to this phenomenon.

5.1 Spontaneous partial supersymmetry breaking

In section B. we showed that for certain manifolds there is a mass gap between the two
gravitini in the vacuum and if this is the case then the vacuum no longer preserves the
full ' = 2 supersymmetry but rather spontaneously breaks to either N =1 or N' = 0
supersymmetry the former corresponding to one physically massless gravitino and the latter
to no massless gravitini. In this section we will consider the case where the vacuum still
preserves N' = 1 supersymmetry. With this a mass gap of the scale of supersymmetry
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breaking, which is set by the vev of the scalars, appears throughout the spectrum and so
we can consider specifying an effective A/ = 1 theory that is composed of the lower mass
states. The superpotential and the Kéhler potential for this theory will then be given by
the mass of the physically massless gravitino as is usual for N/ = 1 theories. Determining
the superfield spectrum is a more complicated problem and an important role is played by
constraints on general partial supersymmetry breaking.

Partial supersymmetry breaking has been considered in [[]—fJ]. Following their dis-
cussions we briefly summarise how the matter sector of the theory is affected by the break-
ing. In the ' = 2 theory the fields were grouped into multiplets as described in Table [il
Once supersymmetry is broken these multiplets should split up into N' = 1 multiplets.
The N = 2 gravitational multiplet will need to split into a A/ = 1 ’'massless’ gravitational
multiplet and a massive spin—% multiplet [51]

(g/.tl/a ¢1? T;Z)2a AO) — massless (g;w, rlzz)l) + massive (rlzz)2’ AO’ Ala X) (51)

Here A' is a vector field which has to come from one of the vector multiplets and x is a
spin—% fermion which come from a hypermultiplet. Moreover, one also needs one Goldstone
fermion and two Goldstone bosons to be eaten by the gravitino and the two vector fields
respectively which become massive, and these additional Goldstone fields also come from
the hypermultiplet sector. Additionally, depending on the details of the theory there will
be a certain number of vector and hypermultiplets which also become massive in this pro-
cess. Integrating out all the massive fields one is left with an N' = 1 supergravity theory
coupled to vector and chiral multiplets. The scalar fields in an A/ = 1 theory span a Kahler
manifold which has to be a subset of the N’ = 2 scalar manifold. With the scalar fields
of the N' = 2 vector multiplets the situation is quite simple as they are already complex
coordinates on a (special) Kdhler manifold. However, for the hyper-scalars this is not the
case, and it is in general non-trivial to find the right combinations which will represent
the correct complex coordinates. For simple cases, as we will encounter in this paper, this
can be done and one can find explicitely the correct complex combinations which span the
N =1 scalar Kéahler manifold.

Before concluding this section we should also mention some subtle issues related to
the spontaneous N’ = 2 — A = 1 breaking. It has been shown [£]-[E9, 1, 3| that
in Minkowski space spontaneous partial supersymmetry breaking can only occur if the
symplectic basis in the vector-multiplet sector is such that no prepotential exists. However
these results do not apply to the cases we discuss in this paper for the following reasons.
First of all, the no-go result above has been obtained for purely electric gaugings of the
N = 2 supergravity. Here we will see that we encounter magnetic gaugings as well and
going to purely electric gaugings requires to perform some electric-magnetic duality which,
in special cases, can take us to a symplectic basis where no prepotential exists. The second
argument is that we will encounter the phenomenon of spontaneous partial supersymmetry
breaking in AdS space and in such a case it is not clear how to extend the no-go arguments

of [i7.5

5We thank Gianguido Dall’Agata for useful discussions on this subject.

,23,



5.2 The superfields and Kahler potential

Although the general pattern of partial supersymmetry breaking is constraining it is not
enough to determine the superfields in general. The particular difficulty, as explained
before, lies in truncating the hypermultiplet spectrum by finding the appropriate Kéhler
submanifold. However for the special case where we have only the universal hypermultiplet
this is possible. We will therefore restrict our general analysis to such a situation antici-
pating also the fact that the specific example we will study in section .4 will be of this
type. In order to find models with only one hypermultiplet we will rely on the observation
of B3, that six-dimensional manifolds with SU(3) structure for which Q* is exact fea-
ture no complex structure moduli and therefore the hypermultiplet sector corresponding
to compactifications on such manifolds consists only of the universal hyper-multiplet. We
therefore restrict ourselves to the case where the torsion classes in (R.11]) are restricted to

Re(c1):‘/2251:CQZWQZA2:0,

Im(cy) # 0, (5:2)

and we see that under these conditions that the three form Q7 is indeed exact.

We further have to determine the gravitino mass matrix for this situation. Using (B.39),
B-14), (B-7) we find that in the particular case considered above, (f.9), the gravitino mass
matrix becomes diagonal due to the fact that the internal flux G has to be closed due to
the Bianchi identity

i e

S = ——— dU*/\U*—l—QQ/\U*—i—Q)\,

8\/1)—6 M7[ ]

Gy — 17 AU~ AU~ +2G AU~ +2)] (5.3)
_ e AU~ +2G AU~ +2)], 5.3

2 8\/V6 Mz

S12 = S21 = 0.

The condition (f.3) appears to be quite strong and we have already come across an example
where this is violated in section [[.9. On the other hand we know from ref. 23] that an V' =1
anti-deSitter vacuum, which is required for all the moduli to be stabilised, necessarily means
that J is not closed. Hence we always expect at least one of the torsion classes in (f.9) to
be non-vanishing. Other than this we must take the condition as a limitation of this paper.

Let us now see how we can identify the surviving degrees of freedom in a spontaneously
broken N' = 2 theory which comes from a compactification on a manifold which satisfies
the requirements above. First of all we know that in order to have partial susy breaking
we need at least two Peccei-Quinn isometries of the quaternionic manifold to be gauged
such that the corresponding scalar fields become Goldstone bosons which are eaten by
the graviphoton and another vector field in the theory. In the model at hand, where we
only have one hypermultiplet, we have three such shift symmetries which can be gauged.
They correspond to the axion, the dual of the two-form in four dimensions, and the two
scalar fields which arise from the expansion of the three-form ¢ in the basis of three-forms
(ag, B%). In order to gauge one of these last two directions, or a combination thereof, we
need that the corresponding combination of the forms o and 3° is exact. Without loss of
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generality we will assume that ° is exact. Consistency with equations (B.1§) and (B.19)
implies then that «q is not closed. We therefore see that the scalar field which comes from
the expansion in the form 3°, which we denote &, is a Goldstone boson and will be eaten
by one (or a combination) of the vector fields which come from the expansion of C5. Then
the other Goldstone boson can only be given by the dual of the two form B,. The way
to see how this direction becomes gauged is obscured by the fact that we are dealing with
a two-form rather then directly with a scalar field, but we can note that provided z is
not closed, but its derivative is proportional to one of the two forms w;, there will appear
in the compactified theory a Green-Schwarz interaction, By A dA, which upon dualization
precisely leads to the desired gauging.” Therefore we learn that the fields which survive
the truncation in the NV = 1 theory are the dilaton and the second scalar field from the
expansion of ¢é3 which we denote by &Y. The final thing which we need to do is to identify
the correct complex combination of these two fields which defines the correct coordinate
on the corresponding Kéhler submanifold. Knowing that the NV = 2 gravitino mass matrix
becomes the superpotential in the A/ = 1 theory, which has to be holomorphic in the chiral
fields, we are essentially led to the unique possibility

1
U = ¢ e ? <_4ZZO> " (5.4)
Fo
where the sign 4 is determined by which of the gravitini is massless and we will drop the
index unless required for clarity. Z° and Fy are the coefficients of the expansion of  in
the basis (ag, %), (B.21]), and the quantity —4iZ°/F, is a positive real number as in the
particular choice of symplectic basis we have made (3 is exact) Z° is purely imaginary.

To check that this is indeed the correct superfield we should make sure we recover
the moduli space metric from the Kéahler potential in the gravitino mass. The appropriate
kinetic terms in (B.16) read

Shin = (5.5)

N 470N 3
- [t () (¢ (F2) ) (- (52))]

The gravitino mass in the A/ = 1 theory is given by the product of the Kahler potential

and the superpotential

My = exX|W|. (5.6)
From this we can use (p.J) to read off the Kihler potential
2¢
K2 = (5.7)

V8V

It is then easily shown that indeed the superfield and Kéahler potential satisfy

et? Ey 9
_ - | = ¢
Oyo0go In [SVJ ( 4iZO> e”’. (5.8)

"The issue of the dualization is further obstructed by the fact that B will be massive. This, as explained

at the end of section @, is triggered by the non-closure of the one form z, which leads to mass term for
the two-form field Bg of the type f dz N\ xdz.
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Hence we have identified the correct superfield in the truncated spectrum. Determining
the superfields arising from the N' = 2 vector multiplets is a much easier task as they are
just the natural pairing found in (B.17)

th= b — it (5.9)
where the index 7 now runs over the lower mass fields.

5.3 The superpotential

The superpotential for the A" =1 theory can be read off from the gravitino mass to be

LV:JL{/ pwiAUﬂ+gAUi+m}, (5.10)
V8 LMy
where again the + sign is fixed by the lower mass state. From this expression for the
superpotential we can see that we should generically expect a constant term A, linear
terms in U, quadratic terms t2, U? as well as mixed terms tU. These type of potentials
will, in general, stabilise all the moduli and we will see such an example in the next section.
It is instructive to note that finding a supersymmetric solution for this superpotential
automatically solves the equations which are required for a solution of the full N' = 2 theory
to preserve some supersymmetry. Therefore, for such a solution, it would be enough to
show, using the mass matrix (5.J), that a mass gap between the two gravitini forms in
order to prove that partial supersymmetry breaking does indeed occur.

5.4 The Coset SU(3) x U(1)/U(1) x U(1)

In this section we will go through an explicit example of a manifold that preserves N’ = 1
supersymmetry in the vacuum. The manifold we will be considering is the coset SU(3) x
U(1)/U(1) x U(1) and for simplicity we shall turn off the four-form flux G = 0. Details of
the structure of the coset can be found in the appendix and in this section we summarise
the relevant parts. The coset is specified by three integers p,q, and r that determine the
embeddings of the U(1) x U(1) in SU(3) x U(1), where the integers satisfy

0<3p<q, (5.11)

with all other choices corresponding to different parameterisations of the SU(3). As with
the previous coset example we can use the coset symmetries to derive the invariant SU(3)
structure forms and the metric. The metric is given by

a000000
0a00000
0060000
g=|ooo0b000], (5.12)
0000c00
00000¢c0
000000d
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where the parameters a, b, ¢, d are all real. We can write the invariant forms as

V = \/Ez,
J = awi + bwy + cws, (5.13)

Q = vVabc (iao — 4ﬂ0) .
This basis can be shown to satisfy the following differential relations

dz = miw;,
dw; = ¢;6°, d&' =0, (5.14)
dog = e;0", dB’ =0,

where we have introduced two vectors e; = (2,2,2), and m! = (a,—3,7), i = 1,2,3
which encode the information about the metric fluxes. The quantities «,, # and ~y are not
independent, but satisfy &« — 4+ v = 0 and in terms of the integers p and ¢ have the
expressions

q

3p+gq
N
3p—q

752 /3p2_|_q2'

This ends our summary of the relevant features of the coset. We see that this manifold

B (5.15)

indeed has the required torsion classes (f.9) and, as expected, has no complex structure
moduli and three Kahler moduli.

5.4.1 N =1 minimum

As explained in [p4], M-theory compactifications on the coset manifold presented above
are expected to preserve N = 1 supersymmetry in the vacuum. Therefore we can use the
machinery developed at the beginning of this section and derive the A/ = 1 theory in the
vacuum. We will also turn off the four-form flux G and so, using equations (5.7) and (5.10)
we find the superpotential and Kéahler potential to be

W = % [AU° (¢! + 2 + %) + 20t?t® — 281 + 2912 + 2)] (5.16)
K=—-dn[-i(U°=0"%] —n[-i(t' =) (* =) (£* = °)] + const.  (5.17)

where the superfields # were defined in (5-9) while for U° we have
U =0 4409, (5.18)

as (p.13) gives —4iZ°/Fy = 1. We can look for supersymmetric vacua to this action by
solving the F-term equations. For convenience we restrict to the family of cosets with p = 0
though the results can be reproduced for more general choices of embeddings. We find the
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solution to the F-term equations

t' o5 0 A

== =UY= /2. 5.19

5 W3 (5.19)
At this point we can go back to check which of the gravitini is more massive. Inserting

the solution (f.19) into the expression of the mass matrix (f.3) we obtain
S11 > S22, (5.20)

which means 12 is the lighter gravitino and the one that should be kept in the truncated
theory. This gravitino is physically massless as expected. This also fixes the + sign
ambiguity in the superfield and superpotential so that we have U° = U"~. Finally we note
that as this solution is a supersymmetric solution of the truncated N’ = 1 theory and that
according to (5.20)) the gravitino masses are not degenerate we indeed have encountered
the phenomenon of partial super symmetry breaking.

5.4.2 The structure in the vacuum

It is informative to look at the form of the G structure of the coset in the vacuum in terms
of the Go structures. The two Gy forms (R.13) satisfy the vacuum differential and algebraic
relations

3
A\ 4
det = V2 <§> [—SBO Az £ 2w Awy + (£2 + Dwy A wg £ 2wy Aws],

3
;f*goi = \/5(%)4 [:|:8ﬁ0/\z—2w1 A wy — wy Awz — 2wy /\wg] . (5.21)
It is clear to see that only ¢~ is weak-G2, and this is indeed the G2 structure that features
in the superpotential and is associated with the lower mass gravitino. This shows an
explicit mass gap appearing between the two G structures which is the same mass gap
that corresponds to the partial supersymmetry breaking which we have used to write an
effective N/ = 1 theory. Hence we have shown an example of the idea of an effective
G structure where we could have arrived at this truncated A/ = 1 theory through a G2
structure compactification even though the manifold actually has SU(3) structure. Finally
we should note that we could have used the condition that the manifold should be weak-G5
in the vacuum to solve for the values of the moduli in the vacuum as we did in section
instead of solving the F-term equations.

6. Conclusions

In this paper we studied compactifications of M-theory on manifolds with SU(3) struc-
ture. We showed that these compactifications, under certain assumptions regarding the
expansion basis discussed in section B.2.1], can be cast into a form much like type ITA com-
pactifications on six-dimensional manifolds with SU(3) structure. The classical potential
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for the fields in four-dimensions differed however from the ITA case and we have proved in
two explicit examples that one can find vacua which fix all the moduli without the need of
non-perturbative effects.

We have also shown that depending on the different torsion classes which can be turned
on for such manifolds one can arrange to preserve either N =1 or N = 2 supersymmetry.
We have also argued that in the case of the A/ = 1 solution one encounters the phenomenon
of partial supersymmetry breaking. This arises due to the fact that the two spinors which
define the SU(3) structure satisfy different differential relations — or in other words, they
are eigenfunctions of the Dirac operator corresponding to different eigenvalues — leading in
this way to different masses for the corresponding gravitini. In such a case we have seen
that effectively one can ignore from the beginning one of the spinors which make up the
SU(3) structure leading in this way to a Go-like compactification.

There are many interesting direction than can be followed from this paper. It would
be interesting to consider manifolds that are more general then the restriction (p.9) and in
particular the case where both the ¢; and ¢y torsion classes are non-vanishing should lead
to a theory with a vacuum that preserves N’ = 1 supersymmetry and has a stable vacuum
where the axions are stabilised at non-zero values. This would correspond to the unwarped
solution with non-vanishing exact internal flux found in [R2].

We have not touched on the subject of realistic particle content in this paper one
reason being that one can not possibly achieve a viable spectrum of particles in M-theory
compactifications by considering smooth manifolds as we do in this paper. However, in the
effort to construct four-dimensional theories which contain chiral matter and gauge fields
from M-theory compactifications (for recent developments see [FJ]), considering seven-
dimensional manifolds with SU(3) structure should be very interesting because, as shown
in this paper one can easily fix all the bulk moduli. This could be supplemented by turning
on torsion classes that would lead to off-diagonal terms in the mass matrix that can be
interpreted as D-terms in the effective N' = 1 theory thereby breaking supersymmetry
spontaneously.
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A. Conventions

In this appendix we outline the conventions used throughout this paper. The index ranges
are

M,N,P,Q.R,S,T,UV,W =0,...,10,
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a,bm,n,p,q,r,s,t =0,...,6, (A.1)
wv,p=0,...,3
1,7,k = 1,..., Number of two — forms in the basis,
A,B =1,...,Number of three — forms in the basis,
a,8=1,2.

We worked with a mostly plus metric signature
= (—=1,+1,+1,...), (A.2)
where generally ~ denotes eleven-dimensional quantities. The € tensor density is defined as
€0123.. = +1, (A.3)

and we define the inner product between forms as

1
_ e
(wp"yq)upﬂ---uq - p! () ’ (Vq)ﬂl---upupﬂ---uq ) (A-4)

The eleven-dimensional spinor conventions are such that the charge conjugation operator
is given by o

¥ =0T, . (A.5)

We decompose the eleven-dimensional gamma matrices as

fu =n®l,
Lo = 75 @ Ym (A.6)
with 7y, imaginary and -y, real and
—1Y0123 = V5 ’ (A7)
Yo1..6 = — .

B. Ricci scalar reduction

In this appendix we reduce the eleven-dimensional Ricci scalar using the metric Ansatz
(B.9). Before we begin the calculation we should comment on the kind of variations we
consider here. In general, seven-dimensional manifolds with SU(3) structure can have
isometries that produce gauge fields in the effective lower dimensional theory. For the
moment we are not interested in such metric variations and only treat the scalar modes
which appear from the fluctuations of the metric on the internal manifold. Moreover we
are only interested in the lightest modes in the Kaluza—Klein tower. Thus we consider a
metric, including the fluctuations, of the following form

dsty = Gu(x)da"da” + Guu (2, y)dy™dy" (B.1)
G (2)dadz” + [, () + T (2, y)]dy™ dy™ .
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Direct computation of the 11d Ricci scalar gives
1y 1
V—gud X 5311

1 D D —-mnr = 3—m =T 1—mn— = =
= /\/—911d11X§ [34 + Ry — """ Uagmn + (Zg Pghd — 19 gpq> (0Gmn) (agpq)]

1= _ 1
— [Vt [ oty [Rak B = @5 5 00m) 03]

where in the last equation we have performed a partial integration with respect to the four-
dimensional integral. At this point we want to replace the metric variations with variations
of the structure forms. Although eventually we wish to parameterise the variations in terms
of the SU(3) structure forms at this point it is easier to work with the G2 forms. Using
equation (B.§) we arrive at

_ 1 3 (0V)?
/\/—gudHX Ry = /v—g4d4x/\/§ [R4 + R7 — E(a@)mnp(a@)m"p t5 ( Vz) )
(B.2)
where to reach this we used the G2 identities
P ey = (k)" + 200,
9 (x) "L, 67 = (k)™ (3k0) iy + P Gt — OTL
wadp = 3V 15V, (B.3)

and the fact that only the symmetric part of .1 %0, contributes to the gauge indepen-
dent metric variations. Here V is the volume of the internal manifold as measured with
the metric g, which thus contains the metric fluctuations. Note that because we only
consider the lowest KK states, R4 is independent of the internal coordinates and thus its
integration produces a factor of the seven-dimensional volume V. In order to put the four-
dimensional action in the standard form we further need to rescale the four dimensional
metric as 1

v = igw/. (B.4)
Apart from normalising the Einstein-Hilbert term correctly this rescaling will also produce a
term which precisely cancels the last term of (B.3). Thus the final form of the compactified
eleven-dimensional Ricci scalar takes the form

[ vEand'x R = [vegidte[Ri+ [ VAR~ 500 mm(00™)] . (B5)

At this stage we can move back to using the SU(3) forms using the translation equa-
tion (R.13). We also move to the string frame by rescaling the internal metric

22

Imn = eigd)gmru (BG)

where the dilaton is defined as in equation (B.6). Defining the SU(3) structure forms with
respect to the metric g, the decomposition (R.13) becomes

FE=e Q" —JAV). (B.7)
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Before identifying the correct degrees of freedom in four dimensions, as discussed in sec-
tion B.9 we need to take out the Kihler moduli dependence from Q and we do this by
defining a ’six-dimensional’ volume Vg and the true ’holomorphic’ three-form Q¢ as in

equations (B.7) and (B.10). With these definitions we have
1

agi::e*¢(i(a¢)e%Km§;;j:a(e%Kasy;) o

I AV), (B.8)

where it can be easily checked that
(9 (e%0z))  (ebe )™ =0, (B.9)
mnp

and so when we square the expression (B.§) there is no mixing between the various terms.

Inserting (B.§) into (B.§) we arrive at the final expression (B.13).

C. The gravitini mass matrix

In this appendix we will derive the four-dimensional gravtini mass matrix through dimen-
sional reduction of the appropriate terms in the eleven-dimensional action. We wish to
work in terms of the SU(3) structure quantities as defined in section .9 and so we begin
by writing the eleven-dimensional gravitino ansatz (B.32) in terms of the four-dimensional
chiral gravitini (B.39) and the complex internal spinors (P.3)

U =V [(0h, +0L,) © o) =i (03, +97,) © (e —n-)] (C.1)

We now go through each term in (B.I)) that will contribute to the four-dimensional mass
matrix.

The kinetic term We begin with the eleven-dimensional kinetic term which will produce

a mass term in four dimensions for the particular index range choices
1 PUNY T
L= —§\IIMI’ DV, . (C.2)

This term is only non-vanishing when the internal spinors are not covariantely constant and
so will correspond to the potential induced by the torsion on the manifold. To calculate
this more precisely we use the relation for the covariant derivative acting on the spinors

1
Dm77:|: = Zﬁmnpfynpn:t 5 (C?’)

where Ky,py, is the contorsion on the internal manifold which is anti-symmetric in its last
two indices. Inserting (IC.])) into (IC.2) and using (C.3) to evaluate the derivative on the
spinors as well as (P4) to replace the spinor bi-linears with the SU(3) forms we arrive at

I, v i mn i —mn
Ly =— {lenurVﬂ ¢£y |:§K[mnp} (‘] A V) P §K[mnp]Q p:|

22
X i mn i —mn
+ T/JQ_H[Y‘Lwlb%V [gﬁ[mnp] (JAV) P §/€[mnp}Q p] (C.4)
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Jy v : n splm i mn,
+ ¢1+u7M T/Jzy [_ZKm[np}V[ 51)} - §K[mnp}Q+ p:|
+ ¢_2+ﬂ7‘“/1/)1,,, [mm[np]v["éplm — %m[mnp]Qij”p} + c.c. } )

Now using the identity
¢2+M’YW¢£V - ¢1+M7“V1/}31/ ’ (05)
we can see that actually the first terms in the third and fourth lines cancel. This can be

reasoned from the fact that the mass matrix should be symmetric. Using ([C.3J) we can
operate on the spinor bi-linears (R.4) and derive the following useful relations

(dV)mn = 2K[mn]pvpa
(dJ)mnp = GK[mnrJHp]’ (06)

mnpq 7|pq] -

With this (C.6]) we can eliminate the contorsion from (IC.§) in favour of differential relations
of the structure forms and we obtain

1 _
Ly =— 1yl
1 21)% {¢ JFH"Y ¢ v

mnpq

i mn 7/ — —\mn 7/ mn,
X7 @V T 56 (A27),y (R27) pq+ﬁ(dj)mnp (™) ”}

+ 1[2+,uryuywzu
X |2 @AV, T+

5 (d27)

mnpq

| ()" 5 () ()
O [ (@) (@)
+ PP, {—é (47 (ﬂ‘)’”’”’] +c.c. } (C.7)

This concludes the reduction of the kinetic term and we now move on to the flux terms.

The flux terms We begin be reducing the term
1 - 4
Lo = —1—6\II“FPU\I'”FWW. (C.8)

This term arises from the purely external Freud-Rubin flux which we write as in (B.27)
and (B.3(). Then substituting (C.1]) into (C.§) and after some gamma matrix algebra we

arrive at

- - 1 1
Lo = [i¢1+“,tu¢£V + i¢2+;ﬁw/wgv + c.c.] [4]}3 ()\ + 3 /63 A F>] . (C.9)
2
The second flux term reads
3 _ .
=— VI LA T 1
£3 4(12)2 K lmnp (C O)
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This is the term from the purely internal flux. Again the reduction is simple and gives

1 _
= — 1 vl Imn; _0—)\"st 2
»63 = 4(12)21)% {T;Z) +,u’7“ T/),,/ [F p (J/\V Q ) Elmnprst}
+ 1/;2+Mfym/wgy [Flmnp (J AV + Qf)rst élmnprst] (Clll)

+ ¢_1+;ﬁw7/)zy |:_Flmnp (Q+)r8t élmnprst]
+ 7/;2+MYW¢£V [_Flmnp (Q+)rst élmnprst] Tee. } .
Finally we recall that the purely internal flux has a contribution from the the background
flux G, and one which is due to the torsion of the internal manifold dés, which combine
into
Emnp = glmnp + (dé3)lmnp . (012)

After performing the Weyl rescalings (B.19), the contributions computed above, (C.7),
(C.9), and (C.19) yield the following mass terms for the gravitino in four dimensions

5'mass = V=g ['cl + £2 + »63] = / V=g [Saﬁ@iuvuyw[zy + C-C-] ) (013)
M1 My
where
4
ie2?
S =——3 {/ [dQ™AQ™ +dVAVAIAT+2d] ANQ” AV
V2 Mz

—2G A (é3+i (2 —JAV)) —dés Aés
—2idég A (Q7 —JAV)] —2A},

. 34
Sop = — 22 {/ [dY AQ™ +dV AV ATAT =2dJ AQ™ AV
8V2 M7
—2G A (e3+i(—Q —JAV)) —désAés
—2idég A (—Q7 = JAV)] =2},
e3¢ . .
Sip = Sy = — 22 / [QdJ AT AV — 208G A QF — 2ie®dés A m} . (C.14)
8V2 J My

This action can be written in the form (B-36) using (B.37).

D. Coset manifolds

In this appendix we wish to briefly describe the procedure through which we can derive
explicit information on the coset such as the metric, the G structure forms and the basis
forms and their differential relations.

Consider a compact group G with some subgroup H then we can decompose the Lie
algebra as ¢ = H @ K. So the Lie manifold M, is a fibration of the Lie manifold Mg
over the base Mg. The base manifold Mg is the coset manifold % We now follow the
discussion in [5f] and construct a set of Lie valued one-forms from elements on the fibre
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L, at a point y on the coset manifold, which we then expand in terms of the generators of
the groups H and K
©=L,'dL, = 0"H, + €'K;, (D.1)

where the indices run over the number of generators of the subgroup. The forms e’ will
form the basis forms on the coset manifold and using

d® =dL ' ANdL = -L7 LA L'dL = -0 0, (D.2)

gives that the basis forms satisfy the differential relations

1 1 S
do® = — §fab60'b Ao — §faijel A e’ s
' L A ‘ (D.3)
de' = — §fljke] Net — floot Nel,

where f are the structure constants of the group G. These expressions allow us to calculate
the differential relations on the coset. The useful property of the coset is that requiring
G-invariance

gLy = Lyh, (D.4)
where g € G and h € H, we recover the transformation rules for a basis form on the coset
e (y)K; = ' (y)hK;h ™", (D.5)
which means that requiring homogeneity of the basis forms general n-tensor on the coset
9= girin€' @ @€, (D.6)

should satisfy the relation

foi Gjinein + o+ foi 905 =0, Va, (D.7)

and should have constant co-efficients g¢;,. ;,. This is the expression that restricts the
possible forms that respect the coset symmetries which we can use to solve for the most
general one-, two-, or three-forms on the coset and also the metric. Having quickly de-
rived the relevant expressions (D.J) and (D.]) we can move on to consider the particu-
lar examples used in this paper. One immediate conclusion we can draw is that scalar
functions must be constant. This is the general result that cosets can not support warp-
ing.

D.1 SO(5)/S0(3) s+

The group SO(5) has two commuting SO(3) subgroups. Hence there are a number of ways
to mod out the SO(3) and the index A + B refers to the case where the subgroup H is
taken to be a linear combination of the two SO(3)s. Then by calculating the structure
constants and imposing (D.7) we find that the most general symmetric two tensor on the
coset, which we interpret as the metric, must take the form

g=ael@el +2 @+ Red)+bet et +e(® e+ @b +e" @)
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+2d(e! @ e +e? @ e + B g eD), (D.8)

where all the parameters are real. Similarly, the most general one-, two-, and three-forms
are

Uy = (et
Uy = G (e + €0 +€%) (D.9)
\Ilg — C36123 4 C4 (6127 _ e136 4 6235) 4 C5 (6145 4 6246 4 6347)

—|—C76567 + CG (6167 _ 6257 + 6356) ,

where all the parameters can be complex. The structure forms V, J and € must fall
within the restrictions of (D.9) and they can be uniquely determined by imposing the
algebraic SU(3) structure relations on the forms in (.6). This leads to equations relating
the complex parameters to the real metric moduli, if we identify Vi with V|, Wy with J,
W3 with Q.

Clz\/ga
CQZ(QC_dQ)%’

_CG . 2%2
G =25 (d+i(ac—a?)?)

a
G- w___ (D.10)
<d+i(ac—d2)2)
G =0,
- 2(ac—d2)%a\/5
G = a +ic ’
(7 = Soc

<d —i(ac — dQ)%) .

Equations (D.10) give the form of V, J and 2 and we see that the natural basis of forms
on the manifold is

2z = e,

w= (e + €% 4 %), (D.11)
ap = e!28 0 = 6T
o = (127 — 130 4 5) gl = (167 _ (257 4 356)

in terms of which we can write the forms as given in equation (4.2(). The differential
relations on the coset basis forms can be calculated using (D.J) and are given by

do' = —g2 — e _ 57

do? = o134 13 4 &7

do® = —g12 12 _ (56
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de' = —0%e® + 0% + 15

de? = o'e® — el + e, (D.12)
de® = —g'e? + 0%l + ¢V,

det = —el5 — 26 _ (37

de® = —o2e" + 038 + 14

deb = ole” — o3 + e,

de” = —a'eb + %’ + 3,
From these expressions it is easy to calculate the basis form differential relations ([£21)).

D.2 SU(3) x U(1)/U(1) x U(1)

This coset was first studied in [§4]. In this case we have G = SU(3) x U(1). Now U(1) x
U(1) € SU(3) so once we modded out by the U(1) x U(1) we will be left with a single U(1)
that is in general a linear combination of the three U(1)s in G which we parameterise by
three integers p,q and r ®. We can repeat the analysis in the previous section and we find

g=alel@el +e2@e?)+b et +et@et) e e’ + e @eb) +de” @eT
Uy = (el
Uy = Goel? 4 CeH + G4, (D.13)

\Ifg — CS (6135 + 6146 _ e236 + 6245) + CG (6136 _ e145 + 6235 + 6246) ’

Imposing the SU(3) relations we arrive at equation (f.13) where the basis forms explicitely

read
z=e,
wi = —e'? wy=eX w3 =—e", (D.14)
Ol = 3456 52 — 1256 -3 _ _ 1234

)

ap = (_6136 Ll o235 6246) g0 =_ (6135 1 l6 236 4 6245) ’

o |

The differential relations on these basis forms are derived from

del = e — 1636+ 1645

2 27 7
de? — ael’ — 1635 _ 1646

2 2" 7
ded — B674+1625+1616

B 2 2

1 1

det = B3 — 5615 + 5626, (D.15)
1 1

de® = —~eBT L Zeld _ 24
e ye'' + 26 26 ,

8The case where p = ¢ = 0 is the trivial fibration case where the coset becomes [SU(3)/U (1) x U(1)] x
U(1). In that case this is the same as compactifying type IIA supergravity on the manifold SU(3)/U(1) x
U(1).
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57 1613_ 1624
2 2 ’
de” = —ael? — B3t — 4% |

deb = ve

These then give the differential relations (.14) where we have defined the structure con-
stants

7 q
a=fl,=——,
12 /73p2+q2
B=fy=—2tD
34 9 3p2—|—q2’
7 3p—q

v = = ——
O S 3R 1 2

(D.16)
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